Abstract. A wave absorption control strategy is proposed to suppress vibration at the distal end of a flexible robotic arm while achieving accurate position control. It assumes the flexible arm with an actuator at one end and a load at the other, and interprets the arm's dynamics with a lumped model in terms of mechanical waves entering and leaving the arm at the actuator-arm interface. Control input to the actuator is thus resolved into two superposed waves, which the actuator launches and absorbs simultaneously. From the motion start-up, the launch wave is assigned to the actuator, to which the absorbing wave is added subsequently. The absorbing wave is computed with the delayed tip motion. It absorbs the vibratory energy within the arm, and prevents the wave returning from the arm tip from entering the control system again. The properties of the control scheme proposed are studied throughout. It works very well under uncertainty, and is stable and robust, for tip positioning and trajectory tracking control, as demonstrated in the numerical results.
Introduction
Large, flexible robotic systems now feature in many space missions. Not only are they playing a more important role in space station construction and maintenance, and EVA (extravehicular activity) support, but they can also be used to extend and fold the solar arrays on Mars rovers. In addition, large robotic systems find applications in the fields of aircraft and oil tanker clean, and nuclear waste clear-up, where long-reach manipulation is required. Usually, a large robotic system has long and slender arms. For example, the Canadian Mobile Servicing System in the International Space Station is approximately 17 m in length when all the arms are fully extended. Such a robotic system is far from being stiff, and compared with conventional heavy and bulky industrial robots, it is compliant and safer, and has such advantages as larger work volume, lower energy consumption, etc. But, flexible robotic systems suffer from large deformations and low-frequency vibrations, typically caused by structural flexibility. As a result, issues such as motion planning and dynamic modeling become notoriously difficult, and distal position and force control are more challenging.
Over the past decades, these issues have already received intensive study, with no generic solution to date [1] . Concerning the model of a flexible robotic system, it is frequently derived based on the energy principle with Lagrangian, Hamiltonian or Newton-Euler formulations, and the dynamics equations with infinite vibration modes are usually truncated and remain the first several dominant modes with the assumed-mode method or the finite-element method, as introduced in [2] . In [3] [4] [5] , lumped systems were used to model flexible-link robots as well. Banerjee and Singhose model a flexible-link robot with a series of rigid beam connected by rotational springs [6] . On the control issue, various approaches such as adaptive control [4] , singular perturbation method [7] , Lyapunov based controller [8] , etc., have been widely investigated. Unfortunately, for these model based controllers, accurate system models are required a priori, which have proven difficult to obtain. Dynamics coupling, nonlinearities, parameter variations and uncertainties, etc., contribute to this difficulty. Neurofuzzy appears to be promising to control a flexible manipulator [9] , but its learning is time-consuming, and fails to provide fast and accurate response.
Due to the typically light structural damping of a flexible robotic arm, it takes remarkable time for the vibrations at the tip end of the arm to die out after a maneuver. Vibration suppression is a fundamental problem, and thus viable solutions to the problem are required. To the authors' knowledge, the techniques currently used may be generally classified as follows: (a) structure and system design to modify the system dynamics and make the fundamental natural frequency independent of position control [10, 11] ; (b) the addition of extra actuators, such as piezoelectric patch actuator to counteract vibration [8] ; (c) optimal planning to design suitable actuator motion trajectory [12] ; and (d) advanced control algorithms. Of these solutions, control technique is of wide engineering interest and is the focus of this paper as a generic problem. With or without feedback, control attempts to increase the system damping or cancel certain system poles and zeros, which dominate the easily exited vibration modes. As a substantially studied technique, input shaping has been advocated as a feasible solution to reducing vibration of a flexible system [6, 13] . It works by shaping the reference input to the actuator with correctly chosen impulses, but requires knowledge of the flexible system a priori, such as the natural frequencies and damping ratios of the first several vibration modes, which however may be uncertain and may vary, and becomes problematic in practice.
From the point of wave motion, the vibration of a flexible structure, such as beam and string, can be interpreted in terms of wave propagating and decaying in waveguide [3, [14] [15] [16] [17] [18] , and wave based strategies have been introduced to suppress vibration over decades. Matsuda et al. [16] proposed a wave control, in which a compensator formulated as an H ∞ method, is used to minimise the reflective wave to the actuator, for the purpose of vibration control. In [17] , a control scheme is developed based on waveform solution of flexible structures, with collocated rate and non-collocated position feedbacks, considering the time delay due to wave motion, and an observer based predictor is introduced to estimate the time-delay of the system state. Besides, some works [18] [19] [20] focus on active vibration control with the idea of an imaginary structure, which is used as an absorber to dissipate the wave energy inside the real flexible structure. In [18] , an imaginary beam with finite length and distributed damping is assumed to be connected at the free end of a real beam to absorb the vibratory energy of traveling waves. A control scheme for a pendulum system is proposed based on wave absorption [19] , where the lateral motion at the pendulum support end satisfies a wave-absorbing condition, and an imaginary counterpart is used to absorb the vibratory energy. In [20] , a locally controlled absorber, which comprises of a passive absorber and an internal dynamic feedback, is used for a multi-mass system to tune the vibration characteristics. Wave absorption control needs limited sensing and knowledge of flexible systems. It seems a promising solution to suppress the vibrations at the tip of a flexible arm.
In this paper, a new, practical, wave absorption based control is proposed not only to suppress the vibrations of a flexible arm, but simultaneously position the arm tip precisely. First, a lumped system is used to model the dynamics of the flexible arm, in which damping is neglected. That is, the lumped dynamic model can apply to a worst case of vibratory system. Based on mechanical wave, the motion at the actuator-system interface is interpreted into superposed outward and returning waves. Control input to the actuator is correspondingly resolved into two components, i.e., the launching and absorbing waves. The absorbing wave is applied to restraint the formation of the returning waves, while to absorb the vibratory energy inside the flexible system. It is directly obtained from the measured position at the tip with a specific delay, providing active vibration damping of the overall control system. Finally, numerical results are given to illustrate the effectiveness of the wave control strategy proposed.
Lumped Dynamic Model of Flexible Robotic Arm
For decades, intensive work has been done to model the dynamics of a flexible robot. Ideally, the model derived is hoped to be accurate and simple enough for the purpose of a real-time control. However, it is actually a quite difficult task. So, approximation is frequently made, as done in the assumed-mode method or the finite element method. Alternatively, lumped mass-spring method is used to model a flexible robotic system. In [5] , a flexible beam is modeled by a lumped mass and a weightless linear spring. The model is simple, and computationally efficient, but only one vibration mode is considered. Feliu et al. [4] assumed the mass of a consecutive beam is concentrated in some fixed points, i.e., lumped masses, so that more vibration modes can be taken into account. In [21] , a mass-spring model is used to represent a continuous non-linear flexible system, which is lumped-parameter approximation. Since the lumped method is a practical way to derive the dynamic model of flexible structures, it is used below to observe the dynamics of a flexible robotic arm.
To circumvent the effect of gravity, the flexible arm, shown in Fig. 1 , is restrained to move in a horizontal plane, and its dynamics behavior is approximated with a lumped system with n mass-spring-damper units. The first mass m 0 represents an actuator equivalently, and its position is directly controlled by the actuator sub-controller, for the sake of positioning the tip mass m n . Here, the motions of the first and final masses essentially correspond to those of the actuator and of the tip load in the real flexible arm. x i (t) denotes the displacement of the ith mass. k i and c i are the spring and damping constants of mass m i (i = 1, 2, ÁÁÁ, n), respectively. When an external force f(t) is applied to the first mass, it pushes all masses to move rightwards in sequence.
It is not assumed that the lumped system is uniform. The masses, spring constants and damping coefficients may have different values throughout the system. But, it is required that the vibration modes of the lumped system have a good match with the real flexible arm, and the tip position of the final mass is expected to be
where h is the rotation angle of the actuator, and presumes that the tip deflection of the flexible arm x(L,t) is much less than the arm length L.
If there is no deflection and vibration at the tip of the arm, the final mass displacement will be same as the actuator in the lumped system, so will the remained masses. Note that any mass in the middle of the string produces exactly the motion of a point along the arm, and the number of masses indicates the truncated oscillatory frequencies of the arm. Similarly, for any intermediate mass i, the equation of its motion is of the form
and the equation of motion for the final mass can be given by m n € x n ðtÞ ¼ k n ðx nÀ1 ðtÞ À x n ðtÞÞ þ c n ð_ x nÀ1 ðtÞ À _ x n ðtÞÞ ð4Þ
Eventually, these equations of motion can be written in a compact state-space form of
where
, and matrices C and K are given by Equation (5) is the dynamic model of the lumped mass-spring-damper system, and used to interpret the dynamic characteristics of the flexible robotic arm. The lumped system may not model the dynamics of a real system precisely. But, its simplicity makes the controller design easy and computationally efficient, and enables to exam the wave behavior of flexible structures.
Wave Motion in Lumped System
Using these equations above, the motion of each mass in the lumped system can be determined to any input. Figure 2 illustrates the responses of selected masses in a uniform lumped system with 20 masses, to a unit impulse input at the first mass, i.e., x 0 (t) = d(t), x i (0) = 0, (i = 1, 2, ÁÁÁ, 19). A traveling wave propagating rightwards from the first mass can be observed, as it reaches the final mass, a reflected wave returns towards the first mass, superposed on the traveling wave. It is then postulated that the motion of any mass in the lumped system can be obtained by superposing the two waves traveling through that mass, although its motion pattern in space and time is complex. The vibratory motion at the tip of a real flexible manipulator therefore can be viewed as an outcome of two-way waves traveling through all the masses in the equivalent lumped system, and their interaction with the actuator and tip dynamics (i.e., the motions of the first and final masses), which formulate the wave boundary conditions.
Supposed that the mass-spring system is long enough, and the first mass undergoes a net displacement, the wave launched by that movement will cause the same net displacement at each mass in the string, when it passes that mass. As the launching wave reaches the final mass, it will be reflected, and start to travel back toward the first mass. When this returning wave passes each mass, the augmented displacement is the same as the first. Now, the total net displacement is double the original. Thereafter, the superposed wave motion travels across each mass. This is illustrated in Fig. 3 , where the responses are shown for the selected masses in the previous study, to a unit step input, i.e., x 0 (t) = 1, x i (0) = 0, (i = 1, 2, ÁÁÁ, 19). It can be readily seen that when the first mass, i.e., the actuator, launches a wave with a net displacement of one unit, after one reflection, the final mass has undergone a net displacement of two units. All the other masses undergo two-unit net displacements too, as the reflected wave passes each of them. Now if a zero reflection condition can be established at the actuator interface for this returning wave, in other words, the actuator can effectively absorb all the returning motion, not allowing it to be reflected back into the system again, the entire system will come to rest, having undergone a net displacement of two units. It is this idea which motivates the following controller design.
Wave Based Control Strategy

A. Transfer Functions of Dynamic Model
In the control of lumped systems, wave concepts prove fruitful. In [3] , the foundation of a wave based control is introduced by exploring the validity and nature of wave concept. Wave is understood as primarily wave front, which propagates vibratory motion as well as DC displacement. In that work, a wave model for an infinite uniform mass-spring system was developed. This model reproduces the lumped system dynamics exactly, while the wave transfer function G(s) of this model is approximated to apply it to a flexible system, since it is transcendental and difficult to work with. This wave transfer function is derived on the basis of a hypothesis, that is, any of the transfer function of two neighbouring masses in the lumped system, is identical to the other, while they are certainly not the same for a finite mass-spring system. Therefore, the transfer function is derived herein from the obtained equation of motion. Now, back to the equations of motion in Sect. 2, and transform them into the Laplace domain. If the initial state values are zero, the transform of the equation of motion for the first mass is
Similarly, (3) and (4) can be transformed respectively to be 
Equation (8) is rewritten to the form of a transfer function as
and the transfer functions of all the adjacent mass pairs can be derived, from the second last mass back towards the actuator, with (7), to yield
and the transfer function G 0 (s), between the displacement of the first mass and the applied external force, can be then given by
B. Launching and Absorbing Motion Definition
Based on wave motion analysis in Sect. 3, the motion of any mass within a lumped system is interpreted as mechanical waves propagating in two directions. These waves within the system are induced by actuator forces or motion, which must also eventually bring the system to rest. Therefore, one of the boundary conditions for these waves can be defined by the actuator motion, the other by the tip or the load end. Enabling the actuator to absorb the waves returning from the final mass, an active vibration control can be achieved essentially.
To move the final mass a desired amount, a controller needs to simultaneously "push" the actuator to move half this amount while allowing itself to be "dragged" the other half displacement by the returning motion. It means the controller does two jobs, in other words, it gets the actuator to launch and absorb motion at the same time. Launching motion causes the final mass to move half the desired displacement. Absorbing motion counterbalances the waves returning from the tip, and absorbs the vibratory energy out of the system at the actuator, which meanwhile causes another half displacement. A control strategy with this idea elegantly reconciles the potentially conflict of position control and vibration suppression.
To depict the control strategy, the actuator is deliberately isolated from the lumped system, as shown in Fig. 4 . The force on its right side is presumed to be made up of two components: launching and returning force waves. This force arises from the interaction between the actuator and the other masses in the system. At the same time, the actuator is driven by an external or "input" force, f(t), determined by the controller. The drive force is shown on the left side of the actuator, as if produced by imaginary displacements x r (t) and x a (t) acting on two springs with stiffness k and k'. The first displacement, x r (t), is defined as reference input, committed to launch motion and push the system half the target displacement. The second, x a (t), is absorbing input, designed to counteract the returning wave energy by supplying the right amount of "give" to the actuator when it is pulled by the returning force wave. At steady state, the displacement associated with the absorption process, x a (t) will then equal the net or total displacement associated with the launch motion, x r (t). The notional spring k or k' is simply a device to convert x r (t) or x a (t) into appropriate input force component to the actuator.
The reference motion x r (t) could be a step, a ramp, or any trajectory input which is given a priori. It launches a wave into the system, and travels down to the final mass where the wave is reflected back towards the actuator. To prevent the reflected wave from returning into the system again, an absorbing input is immediately added to absorb its energy, which is computed from the tip displacement, x n (t) delayed by a particular time, so that
where T d is the time required for the wave to travel from the final mass to the actuator, and is a critical parameter to be determined. Then, the Laplace transform of (12) is where G'(s) is the motion transfer function from the actuator to the final mass. Now, the force produced by two notional spring inputs could be merged into an equivalent spring of stiffness k e with a single input x e (t), as shown in Fig. 5 . This implies that
Rearranging (15), we have
Explicitly, the equivalent motion is defined by the reference input, the tip and the actuator motion. Set k e = k + k', the third term on the right-hand side of (16) will disappear. That is to say, position feedback is not required in the outer loop of the control system (introduced below), and if k = k', we further have Theoretically, the launch and absorb inputs, x r (s) and x a (s), are of the same importance. As to the equivalent motion x e (t), it is actually the required motion to the actuator, and is the combination of a pre-determined reference motion and a real-time position feedback from the tip.
C. Control Strategy and Its Properties
Equations (13) and (18) establish the framework of the wave absorption based control, which is illustrated by the block diagram representation of Fig. 6 . Overall, the control scheme comprises of inner and outer control loops. The inner is a negative feedback loop for the actuator control, in which the actuator position is fed back and obtained by collocated measurement, and the actuator servo controller could be PID law or other algorithm. In the outer closed loop, the absorbing wave is computed on the basis of the lumped dynamics model, which is used as an observer to estimate the dynamics of the real flexible arm, partly because it is difficult to accurately model the arm dynamics and measure the deflection at the arm tip. Integrated optic sensors (camera, PSD), accelerator, etc., are often used to obtain the deflection and vibration information at the tip of This control strategy is stable and robust, and works significantly better than simple loop control. Its properties are first analyzed, particularly the steady-state error and stability. Let us presume that a classical PID law G c (s) is used to control the actuator, written as
where k p , k d and k i represent the proportional, derivative and integral constants, respectively. Now, the transfer function between its input and output motions can be derived, and has the form of Without loss of generality, the lumped system with one actuator and three masses is taken as an example to investigate these controller properties. Although not necessary, for convenience, the system damping is deliberately neglected herein, and the last three mass-spring pairs are assumed to be identical.
In terms of (9)- (11), the transfer functions in (20) can be given by
thereby obtaining
Actuator
Flexible arm
Tip position estimator with lumped model Fig. 6 . Block diagram of the proposed wave-based control.
Vibration Control of a Flexible Robotic Armwhere
and M is the equivalent mass of the real actuator, and k and m are the equivalent spring stiffness and mass values to model the system dynamics of interest. The analytic mass-spring model is lumped-parameter approximation, which is used to virtually represent the continuous flexible robotic arm. The parameters of the lumped model can be experimentally estimated through vibration response analysis of a real flexible arm, as done in [22, 23] . Then, by virtue of the final value theorem, the steady-state error of the control system is given by e ss ¼ lim Using the closed-loop transfer functions derived above, the steady-state error e ss is found to be zero, regardless of the gain values chosen for the PID control law.
Compared with an open-loop case, the addition of the absorption feedback essentially modifies the poles and zeros of the control system. Figure 7 shows the corresponding root loci as k p and k d are varied respectively, with the other two control constants fixed. Unfortunately, there exists zeros in the right-half s-plane, which is consistent with the dynamics properties of a non-minimum system, such as a flexible arm. It means that the control system may be not stable for some control gains. As can be seen, a large derivative constant result in poor performance due to the presence of some open-loop zeros on the jx axis and in the right-hand half of the s-plane, and it may even cause the whole system unstable. Similarly, from the root locus of the gain k p , it is clear that some care is needed, even though some poles are pushed to move leftwards from the jx axis. Because the steady state error of the complete control system is zero, the integrator term in the PID controller is not really necessary, and has been set to zero, making the control algorithm in effect a PD law.
To further analyze the stability of the control strategy, the time-delay term is computed here by a first-order Padé approximation, that is 
and substitute (23) into (21), the characteristic polynomial equation of the closed-loop transfer function can be obtained as follows
Obviously, all the coefficients of the characteristic equation are positive, and it is readily found that the control system has a root at s = 0. To this specific case, the system may be marginally stable or marginally unstable, depending on the other roots of the equation. That is, the system stability condition is relevant to the control gains, which determine the location of the roots of the characteristic equation. If all the other roots are in the left-half of the s-plane, the system is stable. The Routh-Hurwitz criterion can be used herein to ascertain whether the system is stable or not. Instead, it tests whether any of the roots lie in the right-half s-plane, without solving the high order polynomial equation. The criterion starts with forming the Routh's tabulation with the coefficients of the equation, and ends the stability analysis by inspecting the signs of the coefficients in the first column of the tabulation. As a result, these coefficients should be positive as well, for the system to be stable. Eventually, the value intervals of the control gains k p and k d are found to assure no root in the right-half of the s-plane.
This analysis of a four-mass model can be extended to a system with an arbitrary number of masses, uniform or non-uniform, with same results. The difference is that, as the flexible system changes, the time lag T d , varies with the traveling time for the "wave" to return from the tip to the actuator, which in turn depends on the system flexibility and length. Indeed, when the flexible system is very short or stiff, the delay time is so small that it can be neglected.
Numerical Simulation
The wave absorption control was previously used to realize a set point control in [24] , but it is further tailored here for tip trajectory tracking control as well, and compared to a PD control law. The four-mass lumped model is used in the simulations, and damping in this model is neglected. In fact, any damping presence will help reduce vibrations further, so that the absence of damping in a flexible system becomes a worst case. The parameters of the lumped system are given in Table 1 . Figure 8 shows the responses of the wave based control to a sine reference input. The control gains of the PD law in the inner loop are chosen to be k p = 4.0, and k d = 0.5. Figure 8(a) shows the sine trajectory tracking response at the tip, and (b) the tip vibration. The results of comparative study are given in Figs. 9 and 10, as can be seen the wave absorption strategy nearly does not give rise to vibration at the tip end of this flexible system, whereas the PD law causes large vibrations at the beginning of motion, for both tip tracking and set point control. In the trajectory tracking case, it can be found that there is a response delay time in the wave-based control. Its rise time is apparently longer than that of the PD law, in the set point control. But, the wave absorption approach is much superior to the PD law, from the angle of vibration control, which is the major objective for many flexible systems control. 
Conclusion
In this paper, a wave based control is proposed to suppress the vibration at the tip of a flexible robotic arm. The dynamics of the arm is first estimated with a lumped mass-spring system, which could be very flexible, of arbitrary length and with arbitrary component values. The control design is on the basis of interpreting the dynamic behaviour of the flexible system in terms of mechanical waves entering and leaving the system at the actuator-system interface. Therefore, from the motion start-up, a launching motion is assigned to the actuator, to which an absorbing motion is added, to realize active vibration damping and precise motion control, in a single motion. Overall, the control algorithm by virtue of the wave absorption idea is very easy to implement. Numerical simulation results demonstrate that the wave absorption control scheme is stable and robust, for both tip positioning and trajectory tracking control. 
